Why is a zero lower bound episode long-lasting and disruptive? This paper proposes the interruption of information flow from the central bank's interest rate decision to the private sector as a channel by which the destabilizing effect of the zero lower bound constraint on the nominal interest rate is amplified. This mechanism is incorporated into the new Keynesian model by modifying its information structure. This paper shows that the information loss at the zero lower bound can increase (a) the duration of the zero lower bound episodes and (b) the size of deflation and output gap loss. The result in this paper demonstrates that enhanced information sharing by the central bank about the state of the economy can be effective at alleviating the cost of the zero lower bound.
INTRODUCTION
The recent economic crisis in the USA and the Eurozone demonstrated that the zero lower bound constraint on the nominal interest rate is not just a matter of theoretical curiosity: at the time of writing, the policy rates in these economies have remained close to zero for more than 7 years. Why has the zero lower bound episode been so long-lasting and disruptive? This paper proposes the interruption of information flow from the central bank's interest rate decision to the private sector 1 as one channel by which the destabilizing effect of the zero lower bound constraint is exacerbated. 2 This mechanism is incorporated into the simple new Keynesian model by modifying its information structure. It will be shown that the information loss at the zero lower bound increases both the duration of the zero lower bound episodes and the size of deflation and output gap loss.
This type of informal surveying can be a source of information advantages for central banks given that many of them are better-equipped than their private sector counterparts for carrying out such activity.
In this paper, the central bank uses an interest rate rule to set the nominal interest rate. As long as the nominal interest rate is outside the zero lower bound, the private sector can invert the interest rate rule and extract the missing piece of information which is informative about the state of the economy. However, this ceases to be the case at the zero lower bound because the interest rate rule is no longer invertible. This information problem at the zero lower bound complicates the signal extraction of the private sector and alters the dynamics of aggregate variables substantially through its effect on the expectation formation.
To illustrate this point, this paper first presents a model in which the only piece of information that the private sector has to retrieve from the nominal interest rate is the current demand shock, which is assumed to be known only to the central bank at the beginning of each time period. Among other reasons, 5 this choice can be rationalized on the ground that the demand shock is something the central bank knows and cares more about than the private sector as it is related to the potential or natural level of output 6 which is the key object in policy debates. The model uses this particular unobservable to demonstrate a point that is valid for any kind of information asymmetry that favors the central bank, for instance, the central bank's preference. 7 The extension to the setting with more than one unobservable shock, which builds on the simple model above, is demonstrated with a model where both demand and supply shocks are present and subject to the information asymmetry and retrieval.
The methodological novelty in this paper is the application of mathematical tools of censored-data microeconometrics to a dynamic macroeconomic model.
INFORMATION VALUE OF INTEREST RATE AND ZLB
Specifically, the expected value of the current demand shock when the zero lower bound on the nominal interest rate is binding is derived using the inverse Mills ratio. This expected value has an analytical expression which is highly tractable as demonstrated below.
As mentioned above, it will be shown that the information problem at the zero lower bound makes (a) the output gap loss and the deflation larger and (b) the zero lower bound periods longer. Based on these observations, it will be established that the increased central bank transparency in the form of information revelation is especially beneficial at the zero lower bound as it alleviates the information problem associated with it. Thus, this paper contributes to the literature on the merits of central bank transparency [see Blinder (1998) ; Woodford (2005) , and Blinder et al. (2008) ] in addition to the literature on the zero lower bound [see Eggertsson and Woodford (2003) and Jung et al. (2005) ]. Moreover, this paper also contributes to the literature on forward guidance [see Campbell et al. (2012) and references therein] which can be considered as a form of information revelation by which the central bank communicates the expected course of monetary policy to the private sector in order to manage the latter's expectations about the future. Rudebusch and Williams (2008) analyze the setting closest to the one here and rationalize the social value of publishing central bank's interest rate projections. However, this paper considers the zero lower bound problem additionally.
The zero lower bound literature has grown in volume substantially in the past few years. The seminal contributions in the zero lower bound literature are Jung et al. (2005) (which was motivated by Japan's experience in the past decades) and Eggertsson and Woodford (2003) (which was motivated by the USA's experience in the early 2000s as well as Japan's). Following in their footsteps, many researchers have written about various issues regarding the effect of the zero lower bound. A non-exhaustive list of contributions on the zero lower bound includes topics such as the optimal monetary policy [see Adam and Billi (2007); Nakov (2008), and Alstadheim (2016) (with the neoclassical Phillips curve); Billi (2017); Belgibayeva and Horvath (2017) , and Ngo (2018) ], fiscal policy [see Christiano et al. (2011); Woodford (2011); Aruoba and Schorfeide (2012) , and Flotho (2015) ], quantitative properties [see Fernández-Villaverde et al. (2015) and Nakata (2017) ], open economy [see Bodenstein et al. (2009)] , and exit strategy and behavior [see Werning (2012) and Bianchi and Melosi (2017) ]. This paper differs from the existing literature in explicitly recognizing the asymmetric information between the private sector and the central bank. Wu and Xia (2016) pursue a related question using multi-factor shadow rate term structure models.
The paper is structured as follows: Section 2 presents the model; Section 3 discusses the solution method; Section 4 gives the results and provides discussion; Section 5 extends the model in Section 2 to the case with more than one unobservable shock; Section 6 concludes. Technical Appendix is available online at the author's website.
MODEL

The Basic New Keynesian Model
The model in this paper builds on the basic new Keynesian model which consists of
Equation (1) is referred to as the IS equation and equation (2) is the new Keynesian Phillips curve in the literature. 9 Here, E t is a mathematical expectation based on the information set in t, x t is an output gap in t, π t is an inflation rate between t and t − 1,î t is a nominal interest between t and t + 1 (as usual, the hat notation stands for the deviation of a variable from its steady-state value), u t is a demand shock in t, β is the discount factor, and κ is the slope of the Phillips curve which is itself a function of deep parameters. The demand shock is specified as an autoregressive process
where |ρ| < 1 and
∼ N(0, σ ε ) as commonly done in the literature.
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The model above is usually closed by adding an equation that specifies how the central bank sets the nominal interest rate. Typically, the zero lower bound literature considers interest rate rules of the form
where i ss = 1 β − 1 is the steady-state value of the (net) nominal interest rate i t . This rule explicitly indicates that the nominal interest rate is bounded below at zero. Equivalently, it can be written aŝ
with the nominal interest rate now written as the deviation from its steady-state value. Equation (4) can be interpreted as a reaction function of the central bank to the policy relevant aggregate variables. Imposing the zero lower bound constraint on the nominal interest rate has an effect of increasing volatilities of the output gap and the inflation rate. This is so because at the zero lower bound, the nominal interest can no longer move downward to offset the effect of a negative demand shock on the output gap and the inflation rate. Basu and Bundick (2015) refer to this phenomenon as the endogenous volatility of the zero lower bound. In what follows, the basic new Keynesian model above will be modified. The modification centers around the idea that there is an information asymmetry between the private sector and the central bank because the former cannot observe some information in the latter's information set directly. Whereas this information gap is resolved outside the zero lower bound, it continues to impinge on the economy inside the zero lower bound. It will be shown that this information loss makes the zero lower bound periods last longer and also magnifies the excess volatilities of the output gap and the inflation rate at the zero lower bound.
Information Structure
Unlike the basic new Keynesian model of the previous subsection, now assume that the central bank has a full information set at the beginning of each time period, but not the private sector. The central bank sets the nominal interest rate according to an interest rate rule which takes its information set as input. The private sector can invert this rule to extract a useful signal about what is missing in its own information set, and the revealed information will be used for the private sector's expectations formation. This is the sense in which the nominal interest rate movements have an additional informational value for the private sector. In this subsection, the information structure of the model will be discussed in detail.
The basic new Keynesian model in the previous subsection can be interpreted as a model in which its agents move sequentially but carry out their actions based on the same information set (as this model is observationally equivalent to the model in which the agents act simultaneously, as long as expectations are formed rationally). As explained above, the model in this paper departs from the basic model by altering the information structure. Here, the central bank moves first and sets the nominal interest rate based on its information set which is larger than the private sector's ex-ante. After observing the nominal interest rate, the private sector moves and engages in the signal extraction exercise. Based on the outcome of this exercise, it updates its information set and carries out its actions which determine the output gap and the inflation rate.
So, what is missing in the private sector's information set? In order to demonstrate the effect of the information problem at the zero lower bound, it is assumed that the current demand shock u t (which is also the natural rate of interest in this class of models) in the IS equation (1) is the only variable that is missing in the private sector's information set at the beginning of each time period prior to the signal extraction exercise. 11, 12 Because the demand shock is an important state variable for the private sector's expectation formation, associating the information problem at the zero lower bound with the demand shock can produce sizable effects on the endogenous variables. Fernández-Villaverde et al. (2015) result that negative demand shocks are important for the occurrence of the zero lower bound supports this choice as well. The use of the demand shock also allows incorporating the information problem without major modifications as this shock is already part of the standard new Keynesian model. Appendix A in the Supplementary Material discusses a more general information problem at the interest rate zero lower bound than the one in this subsection, a version of which is studied in Section 5. Appendix B in the Supplementary Material provides additional detail specific to the simple model here.
In the next subsection, it will be shown that when the zero lower bound constraint on the nominal interest rate does not bind, the private sector can retrieve terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1365100518001037 the current demand shock exactly. In this case, the private sector and the central bank have the same information set ex-post. However, when the constraint binds, it can no longer retrieve the demand shock uniquely. This situation is referred to as the information problem at the zero lower bound. In this case, the private sector works with the conditional expected value of the demand shock instead. The private sector observes the true value of the current demand shock with at most one period delay: even when the zero lower bound constraint binds, its value becomes known at the end of the period. The short duration of the information delay is chosen in order to demonstrate that the information loss at the zero lower bound is costly even when the information asymmetry seems minor.
Information Problem and Signal Extraction at the Zero Lower Bound
The private sector agents condition their expectations on all the relevant information. This is the reason why they pay attention to the movements of the nominal interest rate which contain information about the current demand shock. However, they cannot extract the value of the current demand shock uniquely when the zero lower bound constraint on the nominal interest rate binds. In this subsection, this information problem at the zero lower bound will be discussed in detail. The functional form for the signal extraction at the zero lower bound, which is the main result of this subsection, will be derived using mathematical tools from microeconometrics.
Information problem at the zero lower bound.
Suppose the zero lower bound constraint on the nominal interest rate does not bind. In this case, the private sector, after observing the nominal interest rate set by the central bank, can retrieve the value of the demand shock exactly. To see this, first note that the unconstrained solutions for the output gap x t and the inflation rate π t take the form
which are functions of the demand shock u t only as it is the only state variable. Substituting equation (5) into φ x x t + φ π π t in equation (4) giveŝ
can be inverted to reveal that the value of the demand shock is
So, when the nominal interest rate is away from the zero lower bound, the demand shock can be recovered exactly. In this case, the information sets of the private sector and the central bank are ex-post identical and the resulting solution is equivalent to the one for the standard new Keynesian model without the zero lower bound constraint. Equation (6) ceases to hold when the nominal interest rate hits the zero lower bound. When this happens, the observed nominal interest rate 1 − 1 β does not necessarily coincide with the rate prescribed by φ x x t + φ π π t in (4) as the latter can be any value less than or equal to the former:
Equivalently,
which shows that the demand shock is now consistent with a continuum of values.
14 The private sector copes with this information problem at the zero lower bound by forming the conditional expected value of the demand shock [conditional on (7)] which we now turn to.
Signal extraction at the zero lower bound.
The information problem at the zero lower bound poses a classical censored data problem in microeconometrics, which makes its mathematical tools relevant for deriving the conditional expected value of the demand shock. Substituting equation (3) into (7) gives
which defines an upper bound on ε t . The right-hand side of (8) is denoted by s t henceforth. Equation (3) implies that the conditional expected value of the demand shock takes the form
so the remaining task is to figure out what form E[ε t |ε t ≤ s t ] takes. Because
, it follows that the closedform solution of E[ε t |ε t ≤ s t ] can be obtained. To see this, let us start by rewriting E[ε t |ε t ≤ s t ] in the form that allows one to use the properties of the standard normal distribution. Conditioning the expected value of ε t on ε t ≤ s t is equivalent to conditioning on
is the conditional expected value of a standard normal random variable whose closed-form expression is what we turn to now.
It follows from using the properties of the standard normal distribution that
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1365100518001037
Downloaded from https://www.cambridge.org/core. Bilkent University Library, on 10 Nov 2019 at 10:41:59, subject to the Cambridge Core which implies that
where φ(.) and (.) are the probability density function and the cumulative distribution function of a standard normal random variable. Equation (10) is a non-linear function which relates the expected value of ε t to the observables. 15 In microeconometrics, equation (10) is referred to as the inverse Mills ratio which serves as a central mathematical result for the analysis of censored data.
16 Equation (10) is linearized in order to keep it consistent with the rest of the model. This does not mean that the model in this paper is linear: rather, it is piecewise linear with the zero lower bound constraint endogenously determining which regime prevails. To make sure that the result in this paper is not driven by large expectational errors of the private sector agents, the point of linearizations is chosen to keep them small (more on this later). The linear approximation of (10) arounds is
where
Substituting (11) into (9) and collecting the like terms gives
which is the private sector's conditional expected value of the demand shock at the zero lower bound. To cope with the information problem at the zero lower bound, the private sector uses (12) for making its decision. 
2.3.3.
The rest of the model. The private sector agents, given the expected value of the current demand shock from the signal extraction exercise above, make their consumption and production decisions which lead to the IS equation
and the Phillips curve
which subsume equations (1) and (2) as a special case in which the nominal interest rate is outside the zero lower bound (E t x t = x t and E t π t = π t trivially in this case). 18 The appearance of E t x t in equations (13) and (14) reflects the information problem that the private sector faces inside the zero lower bound.
Summary
Let us summarize the results in this section. The system of rational expectations equations which represents the economy is
is the value of the nominal interest rate at the zero lower bound (as a deviation from its steady-state value). The arrangement of the equations reflects the sequentiality in the model, except for the last two equations which are determined jointly by the private sector agents.
The actual output gap x t and inflation rate π t are related to their expected values according to
if the economy is currently outside the zero lower bound (in which case, x t = E t x t and π t = E t π t because u t = E t u t ), and
if it is presently at the zero lower bound. Appendix D.4 in the Supplementary Material derives the expressions above for the extended model in Section 5 in the Supplementary Material whose special case corresponds to these. The form of the conditional expected value of the demand shock in 3 above highlights that the system is characterized by different stochastic processes depending on whether the zero lower bound on the nominal interest rate binds or not, which results from the information problem at the zero lower bound.
SOLVING THE MODEL
The model is solved by using the solution method of Guerrieri and Iacoviello (2015) 19 which generates a non-linear solution to a system of rational expectations equations with occasionally binding constraints. 20 Their solution algorithm builds on the solution techniques of Jung et al. (2005) and Eggertsson and Woodford (2003) .
In the context of the model here, Guerrieri and Iacoviello's algorithm generates the impulse response functions by (a) conjecturing the last period in which the terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1365100518001037 Downloaded from https://www.cambridge.org/core. Bilkent University Library, on 10 Nov 2019 at 10:41:59, subject to the Cambridge Core zero lower bound constraint on the nominal interest rate binds, (b) solving the model backward from this last period to the initial period in which the constraint binds to generate a time-dependent solution, and (c) validating whether this solution is consistent with the conjecture about the last period in which the constraint binds. These steps are repeated until convergence. Their algorithm can also handle more complicated dynamics such as an oscillation in and out of the zero lower bound for the in-between periods. Appendix D.3 in the Supplementary Material provides additional detail in the context of the extended model in Section 5. The results there also apply to the baseline model that has been discussed so far.
RESULTS
Suppose the economy is pushed into the zero lower bound by persistently negative demand shocks. What are the consequences of the information problem at the zero lower bound? This section shows that the information problem brings about more negative output gap, larger deflation, and longer zero lower bound periods.
Parametrization and Simulation
In addition to the new Keynesian model with the information problem at the zero lower bound, the basic new Keynesian model with and without the zero lower bound constraint on the nominal interest rate (under a full and symmetric information setting) will be used for stochastic simulations.
Whereas the basic model without the zero lower bound constraint is the baseline model of the standard monetary economics textbooks (mentioned in Section 2.1), the model with the zero lower bound constraint (presented in Section 2.1) serves as one of the benchmark models in the zero lower bound literature. 21 Comparing these two models to the model with the information problem allows one to study the effects of different mechanisms in an incremental manner: the inspection of dynamics under these three models allows one to separate the effect of the information problem at the zero lower bound from the effect of the zero lower bound constraint alone. In what follows, the model with the information problem will be labeled as "With ZLB & IP," the model with the zero lower bound constraint only as "With ZLB," and the model without the constraint as "Without ZLB."
To illustrate the effect of a negative demand shock on the dynamics of the output gap, the inflation rate, and the nominal interest rate, the three models above will be subject to a two standard deviation negative innovation to the demand shock 22 (ε 1 = −0.001) initially in a neighborhood of the zero lower bound periods. Because the three models are practically identical outside the zero lower bound, this neighborhood is obtained from the actual simulation of "With ZLB" under a randomly generated sequence of demand shocks (x 0 = −0.0020, π 0 = −0.0059,î 0 = −0.0098, and u 0 = −0.0044). The motivation behind starting in the neighborhood of the zero lower bound rather than from the steady state terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1365100518001037 Downloaded from https://www.cambridge.org/core. Bilkent University Library, on 10 Nov 2019 at 10:41:59, subject to the Cambridge Core is that the zero lower bound periods are a phenomenon that occurs sufficiently away from the steady state. The three models are simulated 1000 times each (by applying randomly generated sequences of demand shocks to them after the initial period) in order to generate distributions of possible paths of the output gap, the inflation rate, and the nominal interest rate. The results reported in this section are robust to using different neighborhoods of the zero lower bound periods.
The details about parametrization are as follows: the inverse of the Frisch labory supply elasticity η = 1 and the discount factor β = 0.99 which are consistent with each time period being interpreted as a quarter [see Galí (2008) ]. κ = 0.1717 which follows from the parameter values above and the Calvo price stickiness parameter [Calvo (1983) ] θ = 0.75. 23 This value of θ implies that firms change their prices once a year on average which is backed up by empirical evidence from micro data [see Álvarez et al. (2006) ]. φ x = 0.5 and φ π = 1.5 are commonly used values in the literature [see Nakov (2008) ]. To consider a scenario in which the output gap is persistently negative, ρ = 0.95 and σ ε = 0.0005. The results reported in this section are robust to lower values of ρ, say ρ = 0.8 [see Adam and Billi (2007) 7 [see (11) ]. This value is selected to keep the private sector's expectational errors at the zero lower bound small (which prevents the results in this section from being driven by large expectational mistakes) as well as to achieve numerical stability (so that explosive dynamics are ruled out). The resulting dynamics are qualitatively similar under different values ofs. Figure 1 gives the median paths of the output gap, the inflation rate, and the nominal interest rate (in level) under the three models when the economy is subject to a two standard deviation negative innovation to the demand shock. 24 Recall that "Without ZLB" is the basic new Keynesian model without the zero lower bound constraint, "With ZLB" is the model with the zero lower bound constraint, and "With ZLB & IP" is the model with the information problem at the zero lower bound. The figure shows that the models with the zero lower bound constraint (the latter two) exhibit negative output gap and deflation that are larger in magnitude. This is because the nominal interest rate cannot fall below zero to offset the effect of the negative demand shock in these models. This phenomenon has been discussed extensively in the zero lower bound literature.
Simulation Results
25 However, the figure also shows that the information problem at the zero lower bound reinforces the negative effect of the zero lower bound constraint on the aggregate variables: the output gap is more negative, the deflation is worse, and the zero lower bound periods are longer when the private sector faces the information problem.
Whereas the zero lower bound literature has considered the role of asymmetric information in credit markets in reinforcing the effect of the zero lower bound 26 , the role of asymmetric information between the private sector and the central bank has not been explored sufficiently. The above result demonstrates a novel channel by which the zero lower bound impinges on the economy by showing that the interruption of the information flow from the central bank to the private sector at the zero lower bound is costly. Figure 2 provides the 10th percentiles and the 90th percentiles (dashed lines) of the output gap, the inflation rate, and the nominal interest rate (in level) in addition to their medians (solid lines). The 10th percentiles in the last two rows bring out the asymmetric shock responses imposed by the zero lower bound constraint.
What is the intuition behind this result? As discussed above, monetary policy cannot stabilize the negative demand shock at the zero lower bound, and this makes the economy more volatile. The information problem reinforces this outcome as it injects more volatility into the private sector agents' decision-making not only today but also in the future periods (as long as the zero lower bound binds), by making them unable to access information about the state of the economy. The negative effect of the increased uncertainty on the economy accords well with what was observed during the crisis of 2008/2009 and its aftermath (as reflected in financial indicators such as VIX index) 27 and provides a structured way to think about why the zero lower bound periods have been so painful and long-lived in many parts of the world. Now, let us talk about the mechanics of this result. Suppose the economy is pushed into the zero lower bound as a result of a sequence of negative demand shocks. This brings about the information problem associated with the zero lower bound. Because the demand shocks are very persistent, the private sector agents expect to stay inside the zero lower bound beyond the current period and this implies that they expect to encounter the information problem in the future periods as well. The corresponding loss of information in the current period as well as the expected loss of information in the future periods interact with the forwardlooking nature of the new Keynesian model in such a way that the private sector agents expect the negative impact of the current demand shock to be more persistent over time [Their expectations are based on equation (12) rather than (3) inside the zero lower bound and this gives the extra persistence.].
Because the output gap and the inflation rate depend on the expected current and future demand shocks, 28 the resulting sequence of the expected demand shocks makes the output gap and the inflation rate more negative and the nominal interest rate remains at the zero lower bound longer. Figure 3 provides the distribution of expectational errors (i.e., ee t = E t u t − u t ) for the demand shock over time in percentage. The solid line plots the median path of the errors and the dashed lines plot the 10th and the 90th percentiles of the errors respectively. The figure confirms the analysis above: the expectational errors remain persistently negative inside the zero lower bound (i.e., E t u t remains below u t ). It also confirms terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1365100518001037 FIGURE 3. Distribution of expectational errors. The figure provides the distribution of the expectational errors for the demand shock over time which arise due to the information problem at the zero lower bound. The solid line is for the median path of the errors and the dashed lines are for the 10th and the 90th percentiles of the errors.
that the results in this section are not being driven by large expectational errors (the time average of the median expectational errors is practically zero).
Appendix C in the Supplementary Material presents how zero lower bound dynamics vary across different values of monetary policy coefficients φ x and φ π . It shows that the median duration of the zero lower bound episode decreases as the policy coefficients become more aggressive toward stabilizing output gap and inflation.
Discussion
The economic crisis that started in 2008 and still affecting the world at the time of writing has taught economists that our understanding of economics at the zero lower bound is incomplete. In particular, it is not still clear why the zero lower bound has lasted so long and why it turned out to be so costly. This paper points to the interruption of information flow from the central bank to the private sector as one channel by which the zero lower bound impinges on the economy in addition to hampering policy maker's ability to stabilize negative shocks to the economy. As shown above, the basic three-equation new Keynesian model, which forms the basis of more elaborate models used by many central banks to inform monetary policy decisions, can be adapted to demonstrate how the information loss at the zero lower bound contributes to the further destabilization of the economy.
Because the model in this paper explicitly recognizes the information asymmetry between the private sector and the central bank, it provides an appropriate laboratory to think about forward guidance which has been adopted by major central banks as a policy instrument to overcome the constraints imposed by the zero lower bound on the conventional monetary policy. In essence, forward guidance involves communication about the future course of monetary policy in order to shape the public's expectations. There have been extensive discussions about pros and cons of forward guidance in the past few years.
29
In the context of the model here, suppose that the central bank communicates with the private sector by announcing the value of the current demand shock. Because the output gap is less negative, the deflation is smaller in magnitude, and the zero lower bound periods are shorter in duration with the announcement (which corresponds to "With ZLB" where information is symmetric) than without (which corresponds to "With ZLB & IP" where the information problem remains), the announcement is welfare-enhancing: the reduction of the private sector's uncertainty about the value of the demand shock allows the central bank to pursue its policy objective more efficiently. This type of forward guidance, which is concerned with transmission of information to public by a central bank, is called "Delphic" [Campbell et al. (2012) ]. The above result suggests that when the central bank has an information advantage over the private sector, the revelation of information by forward guidance can be beneficial. 30, 31 The empirical evidence in support of central banks' information advantages 32 provides a rationale to consider this result more seriously. However, the implementation of such policy may require careful considerations. For instance, Hernandez-Murillo and Shell's (2014) finding that the FOMC statements have grown in complexity since the crisis of 2008/2009 suggests that in addition to sharing more information about the state of the economy, central banks also need to pay more attention to getting their messages understood by public.
EXTENSION
This section deals with a model setting where there is more than one currently unobservable shock. This extension is demonstrated with the basic new Keynesian model with both demand and supply shocks, which builds on the baseline model in Section 2. It will be shown that zero lower bound episodes are both longer and more costly in this case, especially with the information problem at the zero lower bound.
Extended Model
For the ease of exposition, the information problem at the zero lower bound was analyzed above within a simple setting where there is only one currently unobservable shock. In what follows, this will be extended to the case with more than one currently unobservable shock. The extension will be illustrated with the minimum modification of the baseline model above. Specifically, the basic new Keynesian model now features the supply shock e t in the Phillips curve: 
which is the standard assumption. 33 The notation for the demand shock is slightly altered due to the inclusion of the supply shock:
Both ρ u and ρ e are assumed to be less than one in absolute values. The rest of the model are identical to those in Section 2. In what follows, the information problem will be studied in the context of this extended model.
Information Problem and Signal Extraction at the Zero Lower Bound
With more than one currently unobservable shock in the model, the information asymmetry between the central bank and the private sector remains even outside the zero lower bound: what the private sector recovers from the nominal interest rate in this case is a linear combination of the unobservables as opposed to the unobservables themselves (see Appendix A in the Supplementary Material).
To cope with this, the private sector utilizes the Kalman filter to form conditional expectations about the unobservables. As before, currently unobservable shocks, which are the demand and supply shocks in the context of the illustrative model, are assumed to be observed with one period delay so that the results in this section are consistently comparable to those in the previous section.
Solution outside the zero lower bound.
The economy outside the zero lower bound corresponds to a partial information rational expectations model of Pearlman et al. (1986) . The model consists of equations (1) and (15)- (17), and the interest rate rule which are collected here for the ease of reference: 
The assumed information structure implies that onlyî t is currently observable, and x t , π t , u t , and e t are observed with one period delay. Hence, the information structure is similar to the one in Section 2, except for the fact that now the private sector agents observe only the linear combination of the innovations ε u t and ε e t (or equivalently the shocks u t and e t ) throughî t , not their individual values, outside the zero lower bound.
In the state space representation of Pearlman et al. (1986) , a generic model under partial information takes the form terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1365100518001037 Downloaded from https://www.cambridge.org/core. Bilkent University Library, on 10 Nov 2019 at 10:41:59, subject to the Cambridge Core
where z t is a vector of predetermined variables (u t and e t in the model), q t is a vector of non-predetermined variables (x t and π t in the model), n t is a vector of white noise innovations (ε u t+1 and ε e t+1 in the model), w t is a vector of currently observable variables (î t in the model), and v t is a vector of white noise measurement errors (which is assumed to be nil). The first equation is the state equation and the second equation the observation equation. The Kalman filter, which is specialized to the assumption of one period delay in observability, provides expected values of ε 
These equations describe the evolution of the economy outside the zero lower bound.
Information problem at the zero lower bound.
It follows from equations (19) and (20) that the nominal interest rate outside the zero lower bound takes the form
give the elements of the coefficient matrices above. 35 This expression can be rewritten asî
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1365100518001037 Downloaded from https://www.cambridge.org/core. Bilkent University Library, on 10 Nov 2019 at 10:41:59, subject to the Cambridge Core
Substituting equation (21) into (4) gives the inequality that expresses the information problem at the zero lower bound:
Equation (22) imposes a restriction on the linear combination of two currently unobservable shocks ε u t and ε e t , which is consistent with a continuum of tuples of (ε u t , ε e t ). This parallels equation (7) in Section 2.3.1 which states the information problem for the model with only one unobservable shock.
Signal extraction at the zero lower bound.
The augmentation of the supply shock to the Phillips curve complicates the signal extraction problem at the zero lower bound. The conditional expectations of ε u t and ε e t at the zero lower bound are
where 
where (21). s denotes a value of s t at which the conditional expectations above are approximated. 36 The approximations (23) and (24) The conditional expected value of u t and e t at the zero lower bound takes the form 
respectively, which parallel the expression for E t u t in (12) for the simpler model with only one unobservable shock. The generalization of the signal extraction rules above to the case with n currently unobservable shocks is provided in Appendix D.2 in the Supplementary Material.
Summary
The economy is represented by the system of equations 1. u (6) and (7) are adjusted according to
if the economy is presently outside the zero lower bound, and
if it is currently at the zero lower bound. These relationships are derived in Appendix D.4 in the Supplementary Material.
Results
The model is again solved using the solution method of Guerrieri and Iacoviello (2015) . Appendix D.3 in the Supplementary Material explains how to take the model here to the solution method without violating the assumed information structure. The supply shock process in equation (16) is parameterized as ρ e = 0.70 and σ e = 0.00025. Hence, the supply shock considered here is both less persistent and less noisy compared to the demand shock. 37 The model parametrization remains unchanged otherwise to make sure that the results here are comparable to those in Section 4. Appendix D.5 in the Supplementary Material discusses how to calibrate s in (23) and (24) to attain the comparability. Figure 4 shows the median path of the output gap, the inflation rate, and the nominal interest rate subject to a two standard deviation negative innovation to the demand shock (ε u 1 = −0.001). The model is simulated from the same initial point as the one in Section 4 (with u 0 = −0.0044 and e 0 = e 1 = 0) so that the results here are as comparable to those in Figure 1 as possible. The aim is to show how the augmentation of the model in Section 2 with the supply shock alters the zero lower bound dynamics in an otherwise identical environment. "Without ZLB" corresponds to the full and symmetric information new Keynesian model without the zero lower bound constraint. "With ZLB" is the model subject to the zero lower bound constraint, but with Delphic forward guidance where the linear combination of the shocks is announced by the central bank to the private sector at the zero lower bound. This is what the latter backs out on its own outside the zero lower bound (but not the actual values of the shocks/innovations; see Appendices A, D.1, and D.3.1 in the Supplementary Material for additional detail). "With ZLB & IP" is the model with the information problem at the zero lower bound where such announcement is absent. It shows that the zero lower bound episode is both longer and more costly (as evidenced by larger output gap loss and deflation) relative to the baseline model featuring only the demand shock, especially in the presence of the information problem. The result is the sum of two effects. First, the existence of the additional shock makes the economy more volatile in itself. In addition to this, it also complicates the signal extraction at the zero lower bound as demonstrated in Section 5.2.3. For this reason, the Delphic forward guidance above can reduce the cost of the zero lower bound. However, the reduction is not as strong as when the actual value of each shocks is announced, which corresponds to "With ZLB" in Figure 1 . This is due to the fact that the information asymmetry between the central bank and the private sector continues to remain outside the zero lower bound with the limited form of forward guidance above. These findings are robust across a wide set of parametrizations, which are essentially a numerically feasible set. Figure 5 gives the median path of the same variables subject to a two standard deviation negative innovation to the supply shock (ε e FIGURE 5. Median paths of endogenous variables (supply shock). The figure convention is identical to that for Figure 1 .
Responses to the demand shock.
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Responses to the supply shock.
shock e 0 = −0.003 so that the presumed history of the supply shocks is consistent with the possibility of the zero lower bound. As expected, in the absence of the zero lower bound constraint and imperfect information, the supply shock brings about the well-known trade-off between output gap and inflation. This corresponds to "Without ZLB" in the figure. However, the zero lower bound constraint takes away this trade-off, which reflects the fact that the private sector cannot be certain about the nature of the shocks they face due to the asymmetric information structure. Whereas the median duration of the zero lower bound is the same for these cases, the output gap loss and the deflationary developments are worse with the information problem ("With ZLB & IP") than without ("With ZLB"). With a supply shock innovation larger than the one above, the former leads to a longer zero lower bound episode than the latter, which is also more costly in terms of output gap and inflation variances.
CONCLUSION
Why is a zero lower bound episode disruptive and long-lasting? This paper demonstrates that the private sector's information loss at the zero lower bound can lead to an extended duration of zero lower bound episodes, which are accompanied by more severe deflation and more negative output gap. This result is based on the standard new Keynesian model that is modified to reflect the central bank's information advantages over the private sector.
It is a well-known result that the zero lower bound on the nominal interest rate can lead to endogenous volatility as it hampers the central bank's ability to offset negative shocks to the economy. By recognizing the private sector agents' information problem at the zero lower bound, this paper illustrates how the increased uncertainty serves as a channel by which the zero lower bound periods become prolonged and more costly. Hence, the paper provides a novel framework to discuss the role of information frictions in exacerbating the cost of the zero lower bound episodes.
The above result naturally leads to the question of whether forward guidance can reduce the duration and cost of the zero lower bound. This paper shows that when forward guidance takes the form of information revelation to the private sector, the answer is positive. Thus, the paper provides a theoretical underpinning for forward guidance which is concerned with information transmission to public.
The information mechanism in this paper can be easily incorporated into macroeconomic models of larger scale. Therefore, the future research will consider the information problem at the zero lower bound in a medium scale DSGE model with a richer set of shocks and interactions across variables.
SUPPLEMENTARY MATERIAL
To view supplementary material for this article, please visit https://doi.org/10. 1017/S1365100518001037 NOTES 13. If the interest rate rule in (4) were forward-looking, the same reasoning goes through: in this case, the private sector uses the mappings from E t u t+1 = ρu t , which is the conditional expected value of the demand shock, to the expected output gap E t x t+1 = ψ x u ρu t and the expected inflation E t π t+1 = ψ π u ρu t , and back out the current demand shock which takes the form
14. This belief may be wrong and still be model-consistent, which raises an important policy relevant issue that will be studied in this paper. The potentially wrong belief [which supports a misspecified equilibrium studied in the econometric learning literature; see Sargent (2001) ] is due to the fact that (a) solving a model with an occasionally binding zero lower bound constraint requires a conjecture about the current (as well as the future) interest rate regime as an initial input (which needs to be validated in expectation; more on this in Section 3) and (b) this opens up the possibility that a zero lower bound period ensues in a self-fulfilling manner even when (7) is not true from the viewpoint of the central bank (which knows the true value of u t in t).
15. This formula is applicable becauses t is entirely predetermined which allows it to be treated as a constant.
16. See Cameron and Trivedi (2005) for additional detail which includes the derivation of (10). 17. The specification of the interest rate rule is not essential for motivating and studying the information problem at the zero lower bound as long as the relationship between the nominal interest rate and the unobservables is linear. A promising alternative is the Wicksellian price level targeting rule i t = ψ p p t + ψ x x t where p t is the price level [see Bauducco and Caputo (2018) ]. It has the advantage of achieving local determinacy in the monetary policy parameter region where the Taylor rule violates it. This paper adopts the Taylor rule so that its findings are more readily comparable to those in the literature, which are mostly concerned with the Taylor rule or its variants. I would like to thank an anonymous reviewer for pointing out this idea to me.
18. For notational simplicity, the conditional expectations operator E t is used to denote the expectations for both inside and outside the zero lower bound. Appendix B in the Supplementary Material contains more information about how the two expectations operators differ.
19. See Bodenstein et al. (2009) for the detail about the solution method. 20. There are alternative solution methods such as the cluster grid algorithm of Judd et al. (2011) , the Smolyak collocation method of Fernández-Villaverde et al. (2015) , and the shadow price shocks approach of Holden and Paetz (2012) . Guerrieri and Iacoviello (2015) show that their solution method works as accurately as the dynamic programming method which can be taken to be virtually exact.
21. For instance, see Nakov (2008) where the effect of the zero lower bound on the nominal interest rate is explored in various settings which include optimal monetary policy under commitment and discretion and different specifications of interest rate rules.
22. The dynamics under smaller negative innovations to the demand shock are similar. 23. κ = (σ +η)(1−θ )(1−βθ) θ for the basic new Keynesian model where σ is the coefficient of relative risk aversion [see Walsh (2003) ]. σ = 1 given the logarithm utility function for consumption.
24. The mean paths of these variables are qualitatively similar. 25. For a recent treatment of this issue, see Basu and Bundick (2015) . 26. For instance, see Christiano et al. (2015) . 27. See Bloom (2014) and Jurado et al. (2015) for empirical evidence on how changes in uncertainty affect the economy and how recessions are associated with large increases in uncertainty.
28. Rewrite (1) and (2) using the forward substitution to see this.
29. See den Haan (2013) where views of various academic and policy economists are presented. The book volume indicates that macroeconomists have wide-ranging views about the efficacy of forward guidance.
30. Bassetto (2015) provides an example in which Delphic forward guidance is beneficial even when the announcement about the future policy is useless. This result depends crucially on the assumption that a central bank possesses superior information about the state of the economy (i.e., the potential level of output) than the private sector. For an overview of the literature which investigates sub-optimality of full transparency instead, see Cukierman (2009) and Gosselin et al. (2009) .
31. It is straightforward to introduce noisy announcements to the model above. However, it only complicates the signal extraction rule without adding any further insight. 32. For instance, see Gürkaynak et al. (2005 (5). 36. The integrals in the coefficients above are computed using Gauss-Hermite quadrature with 30 sample points.
37. A wide array of values were tried for ρ e and σ e . Simulation studies indicate that the higher the value of ρ e or σ e , the longer the duration of a zero lower bound episode and the larger the size of output gap loss and deflation. The results are not included in the paper in the interest of space.
